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WEAK SOLUTION OF PARABOLIC COMPLEX MONGE-AMPERE 

EQUATION 


DO HOANG SON 

Abstract. We study the equation u = logdet(u Q/ g) — Au + f(z,t) in domains of C". 
This equation has a close connection with the Kaliler-Ricci flow. In this paper, we 
consider the case where the boundary condition is smooth and the initial condition 
is irregular. 


Contents 


1. Introduction 

2. Preliminaries 

3. Some properties of weak solutions 

4. Proof of Theorem 11.21 

5. A priori estimates 

6. Proof of Theorem 11.41 
References 


2 

4 

E 

13 

16 

24 

27 


Date: September 1, 2015. 


1 










2 


DO HOANG SON 


1. Introduction 

Let fl be a bounded smooth strictly pseudoconvex domain of C n , i.e., there exists a 
smooth strictly plurisubharmonic function p defined on a bounded neighbourhood of 
such that 

f 1 — {p < 0}. 

Let A > 0, T > 0. We consider the equation 

{ ii = logdet(w aj g) — Au + f(z, t ) on fl x (0, T), 
u = ip on dVt x [0, T), 

u = Uq on Cl x {0}, 

r\ rj2 

where ii — u a p = Q °g , Uq is a plurisubharmonic function in a neighbourhood of 
0 and (f, f are smooth in fl x m. 

If Uq is a smooth strictly plurisubharmonic function on fl and satisfies the compati¬ 
bility condition on dfl x {0} 


p = logdet(u 0 )a/3 - Auo + f(z, 0 ), 


then (HD admits a unique smooth solution jHLIOj . After studying the case where Uq is 
continuous or just bounded |Dol5j . we want to understand the situation when u o is a 
more general plurisubharmonic functions, first with zero Lelong numbers, then in some 
special cases where positive Lelong numbers are involved. 

On compact Kahler manifolds, the corresponding problem was considered and solved 
[ GZ13 , IDL14] , By using approximations and a priori estimates, it was shown that the 
Parabolic complex Monge-Ampere equation admits a unique solution in a sense close 
to classical solution. We expect that a similar situation obtains on the domain fb 

In order to study the situation with irregular initial data, we give a notion of “weak 
solution 1 ' for (HD, consider the existence of weak solutions, and “describe” weak solutions 
in some particular cases. 

The function u G USC(Cl x [0, T)) (upper semicontinuous function) is called a weak 
solution of (HD if there exist u rn E C°°(f2 x [0,T)) satisfying 


( 2 ) 


' u m (;t)eSPSH(n), 

Um = log det {u m ) a p - Au m + f(z , t) on Q x (0, T), 

< u m \ p on dVt x [0, T ), 

I Mm \«0 on G X {0}, 

u = lim u m . 

m—too 


where SPSH(Q) = {strictly plurisubharmonic functions on 0}. 
For the convenience, we also denote by the functions 


kA(x, t) = x — 2 nt if A = 0, 
k A (x, t ) = + (x + x) e~ At 


( 3 ) 


if A>0 
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where x > 0 and 0 < t < T, and by ca the value of t such that La(x, t) = 0: 


( 4 ) 


£a(x) = if A = 0, 


C 4 (x) = A(log(Ax + 2ri) — log(2n)) if A > 0. 
Our main results are the following: 


Theorem 1.1. Let A > 0,T > 0 and Cl be a bounded smooth strictly pseudoconvex 
domain of C n . Let p , / be smooth functions in Ox [0, T] and u$ be a plurisubharmonic 
function in a neighbourhood of Cl such that uq(z) = <p(z, 0) for any z G dCl. Then (H]) 
has a unique weak solution. 


Theorem 1.2. Suppose that the conditions of Theorem \l . 1\ are satisfied. Suppose also 
that u 0 has zero Lelong numbers, i.e., 


'UO 


a) = lim 

r —>0 


SUP|s— a\<r Uq{z) 

log r 


for any z G Cl. Then the weak solution u satisfies 

(a) u G C°°(Cl x (0, T)). 

(b) u = log det u Q p — Au + f(z , t) in Cl x (0, T). 

jA 

(c) u(.,t) —* uq as £ \ 0; u\sq.x[o,t) = ^|anx[o,T)- 


0, 


Theorem 1.3. Suppose that the conditions of Theorem \l . 1\ are satisfied. If there is a G 
0 such that the Lelong number of uq at a is positive then there is no u G C' 00 (f2 x (0, T)) 
satisfying 


( 5 ) 


' u(.,t) £ SPSH(Cl), Vt G (0, T), 

u = log det (u^) — Au + f(z, t) on Cl x (0, T), 
u = p on dCl x [0, T), 

jA. 

^(*5 ^ ^ 0 - 


Theorem 1.4. Suppose that the conditions of Theorem \l . 1\ are satisfied. Suppose also 
that 

i i 

nj log |z — aj | + Co > uq > Nj log | z — af — Co, 
j = 1 i=i 

where l G N, aj G O, A/} > > 0. T/ien the weak solution u satisfies 

(a) u G C°°(Q), where Q = (Cl x (0, T)) \ (U({aj} x (0, (%•)]). 

(b) u = —oo on U({aj} x [0, min{T, eA(iVj)})). 

Moreover, if nj = Nj then 


Vu(.,t)(aj) — k(Nj,t), 

for any 0 < t < min{T, e^iVj)}. 

(c) u = log det u a p — Au + f(z, t ) in Q. 
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(d) u(.,t) —> u 0 when t\ 0; M|an X [o,T) = ^|anx[o,T)- 

Moreover, u(.,t ) —>■ no “uniformly in capacity”, i.e., if e > 0 and 12 <e 12 t/ien 
there exists an open set U e such that 

Cap^ipl \ U e ) < e, 
u(.,t) =4 no on ClnU e as t \ 0. 

2. Preliminaries 


2.1. Hou-Li theorem. 

The Hou-Li theorem states that equation ([Tj) has a unique solution when the 
conditions are good enough. We state the precise problem to be studied: 


{ u = logdet(n Q( g) + /(£, z, u ) on 12 x (0, T), 

u — p on <911 x [0, T), 

u = uq on Cl x {0}. 

We first need the notion of a subsolution to (TB1) . 


Definition 2.1. A function u G C' 00 (12 x [0, T)) is called a subsolution of the equation 
© if and only if 


'u(.,t)is a strictly plurisubharmonic function, 
u < logdet(n) Qj g + f(t,z,u ), 

lk\dnx(0,T) = 
k w(-,0) < lt 0 . 


Theorem 2.2. Let Cl C C n be a bounded domain with smooth boundary. Let T G 
(0,oo]. Assume that 

• tp is a smooth function in Cl x [0, T). 

• f is a smooth function in [0, T) x 0 x M non increasing in the lastest variable. 

• uq is a smooth strictly plurisubharmonic funtion in a neighborhood of Cl. 

• u 0 (z) = <p(z, 0), Vz G dCl. 

• The compatibility condition is satisfied, i.e. 

ip = log det(n 0 ) a( g + f(t, z,u Q ), V{z,t) G dCl x {0}. 

• There exists a subsolution to the equation ©. 

Then there exists a unique solution u G C' 00 (ll x (0, T)) nC' 2;1 (H x [0, T)) of the equation 


Remark 2.3. (i) There is a corresponding result in the case of a compact Kdhler 

manifold [Cao85j. On the compact Kdhler manifold X, we must assume that 
0 < T < T max , where T max depends on X. In the case of domain Cl C C n , we 
can assume that T = +oo if <p,u are defined on Cl x [0,+oo) and f is defined 
on [0, +oo) xClxR. 

(ii) If Cl is a bounded smooth strictly pseudoconvex domain of C n then one can 
prove that a subsolution always exists on Cl x [0. T r ), for any 0 < T' < T, 
and so Theorem \2. 6 A does not need the additional assumption of existence of a 
subsolution. 
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2.2. Maximum principle. 

The following maximum principle is a basic tool to establish upper and lower bounds 
in the sequel (see [ BG13 ] and [IS 13] for the proof). 


Theorem 2.4. Let Q be a bounded domain of C n and T > 0. Let {cot}o<t<T be a 
continuous family of continuous positive definite Hermitian forms on O. Denote by A t 
the Laplacian with respect to u t : 

. „ nojf~ l A dd c f 

A tf = — -^-- 

Suppose that H G C' 00 (n x (0, T)) fl (7(0 x [0, T)) and satisfies 


, V/ G C 00 ^). 


| - A t )H <0 or H t < log 


(uj t + dd c H t ) T 




Then sup H 
nx[o,T) 

(n x {o}). 


sup H. Here we denote <9p(0 x (0, T)) = (90 x (0, T)) U 

9p(Hx[0,T)) 


Corollary 2.5. (Comparison principle) Let O be a bounded domain of C n and A > 
0, T > 0. Let u,v G C°°(0 x (0, T)) fl C(0 x [0, T)) satisfy: 

• u(., t ) and v(.,t) are strictly plurisubharmonic functions for any t G [0, T), 

• u< logdet(w^) - Au + f(z,t), 

• v> log det(n Q!/ g) - Av + f(z,t), 

where f G C' oo (0 x [0, T)). 

Then sup (u — v)<max{ 0, sup (u — v)}. 

Ux(0 ,T) d P (flx(0,T)) 


Corollary 2.6. Let O be a bounded domain of C n and T > 0. 
operator on C°°(0 x (0,T)) given by 


L(f) 


d£ 

dt 


sr d2 f 


-b.f , 


We denote by L the 


where a a p,b G C(0 x (0,T)), ( a a p(z,t )) are positive definite Hermitian matrices and 
b(z, t) < 0. 

Assume that f> G C°°(0 x (0, T)) D C(0 x [0, T)) satisfies 


L(<j>) < 0. 

Then (p < max( 0, sup <f). 

< 9 P (nx( 0 ,T)) 

2.3. The Laplacian inequalities. 

We shall need two standard auxiliary results (see [ Yau78 j. [Siu87j for a proof). 
Theorem 2.7. Let uji,uj 2 be positive (1,1 )-forms on a complex manifold X.Then 

( 77 , \ 1 / TL \ 

<trM<ni^j(tr ul Mr-\ 

no;”' 1 A oj 2 


where tr Ul (uj 2 ) 
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Remark 2.8. Applying Theorem \ 2. 7| for uj\ = dd c u and w >2 = dd c \z\ 2 , we have 


(det(tt Q!( g)) 1/n < A u< n(det(u a p))C£2u aa ) n \ 


n 


Theorem 2.9. Let uj, u' be two Kabler forms on a complex manifold X. If the holo- 
morphic bisectional curvature of u is bounded below by a constant Bel on X , then 



where Ric(u') is the form associated to the Ricci curvature of u>'. 


Remark 2.10. Applying Theorem 1 2. .91 for u = dd c \z \ 2 and oj' = dd c u, we have 



3. Some properties of weak solutions 


In this section, we assume that 12 is a bounded smooth strictly pseudoconvex domain 
of C n , A > 0, T > 0. 

We will study some properties of the weak solutions of ([!]). The proof of Theorem 
11.11 and the proof of Theorem 11.31 are contained in this section. Theorem 11.11 is the 
union of Proposition 13.21 and Corollary 13.41 Theorem 11.31 is a corollary of Proposition 
13.91 and Proposition 13.101 

Lemma 3.1. Assume that there exists u m G C' 00 (f2 x [0,T)) satisfying 


' u m (.,t) g spsh(ti ) 
u m {z, t ) + 2~ m > u m+1 (z, t ) 


Vf G [0, T), 


V(z,t) G 12 x [0 ,T), 
V(z, t) G 12 x (0, T), 
V(z,t) G ai2 x [0, T) 
\/z G 12. 


(8) A = lncrrlpI-Y')/ 1 ^ — Au m + f(z, t) 



Then u = lim u m is a weak solution of CD). 
Proof. Set v m = u m + 2~ m+1 e~ At+AT . We have 


Vm — v rn+ 1 — ( u m + 2 m — u m+ 1 ) + 2 m (e 
Thus the sequence {v m } is decreasing, and 


-At+AT 


1 ) > o. 


v m\ T on c212 x [0, T), 
v m \ Uq on 12 x {0}. 


Moreover, it follows from ([8]) that 

Vm = Um - A.2- m + 1 e~ At + AT 

= logdet (u m )ap - Au m + f(z, t) - A2~ m+1 .e~ At 
= log det(y m ) a p - Av m + f{z,t). 

Hence, u = lim v rn = lim u rn is a weak solution of ([I]). 


-At+AT 


□ 
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Proposition 3.2. Under the hypotheses of Theorem \l.li there exists a weak solution 

of ©• 

Proof. Using the convolution of uq + — with smooth kernels, we can take -Uo,m G 
C°°(Q) fl SPSH(Cl) such that 

(9) Ho ,m '\j Ho- 
Note that Uo|dn is continuous. Then 

(10) 5 m = sup (u 0>m (z) - u 0 (z )) ”^T 0. 

z£d£l 

We define g m G and <p m G U7 00 (0 x [0, T)) by 


g m = logdet(n 0 , m ) a ^ - Au 0 , m + f(z, 0), 

Pm = C( — )(tg m + U 0 ,m) + (1 - C( — ))p, 

where £ is a smooth function on R such that £ is decreasing, £|(_ 00)1 ] = 1 and £|[ 2 ,oo) = 0. 
e m > 0 are chosen such that the sequences {e m }, {e m sup \g m \} are decreasing to 0. 

Mo, m and <p m satisfy the compatibility condition. By Theorem 12.21 there exists u m G 
C°°(h x [0,T)) satisfying 


{ u m = log det (u m ) a p - Au m + f(z , t) 
Hra = Pm 
U"m ^0 ,m 

It follows from (TTOT) that, for any m > 0, 


Pm > C(^)h 0 + (1 - C(p^))P - 2e m sup \g m \, 

Pm < £(^)h 0 + (1 - C(A-))p + 2e m sup\g m \ + 5 m 


on fl x (0, T ), 
on dUl x [0, T), 
on 0 x {0}. 


where (z,t) GclOx [0,T). 

Then 

sup \<p m - p\< sup \(p-u Q \+ 2e m sup \g m \ + S m 

<9Ox[0,T) aUx[0,2e m ] 

Note that u 0 (z) = ip(z, 0) for any z G dUl. Hence 

i | m—too ~ 

sup \(p m - ip\ —> 0. 
anx[o,T) 


Then we can choose a subsequence {p mk } such that 
(12) sup \p mk - ip\ < 2~ fc_1 . 

<9Ox[0,T) 


for any k > 0. 

Using ([2]), (TT21) and applying Corollary 12.51 we have 

Hrrifc + 2 U Hnj^j . 


It follows from Lemma [3.II that u = 1 iin u mk is a weak solution of ([T]). 


□ 
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(13) 


(14) 


Proposition 3.3. Assume that u is a weak solution of (P and v is a weak solution of 

v = logdet(u a/ g) — Av + g(z, t) onCl x (0, T ), 
v = if ondCl x [0, T), 

v = Vo on Cl x {0}, 

where Vo is a plurisubharmonic function in a neighbourhood of 0 and g, if are smooth 
functions in Cl x [0, T], If there are Ai, A 2 , A 3 > 0 such that 

u 0 <v 0 + A 1} 

<p\8Clx(0,T) < if |dnx(0,T) + A 2 , 

f < g + A%, 

then u < v + max{Ai, A 2 } + A 3 T. 

Proof. Assume that u m G C°°(Cl x [0, T)) satisfies 

' Um(.,t) G SPSH(Cl) 

U m = log det {u m ) a p - Au m + f(z, t ) 

Um '\i P 
Um Uq 

and that v m £ C°°(Cl x [0, T)) satisfies 

' v m (.,t) E SPSH(Q) 
v m = log det(v m ) a p - Av m + g(z, t ) 
v m \lf 

k Um Aj Uq 

Fix m > 0,e > 0,0 < T' < T. We need to show that there exists k m > 0 satisfying 
(16) u km < v m + max{Ai, A 2 } + A 3 T + e, \/(z, t) e Cl x (0, T'). 

Indeed, if we denote w m = v rn + A 3 t. then 

u>m > log det(w m ) a p - Avj m + g(z,t) + A 3 > log det {w m ) a p ~ A w m + f(z,t) 

It follows from Corollary 12.51 that 

Uk - V m . = U k - w m + A 3 t < sup (u k - w m ) + A 3 T, Vfc > 0, (z, t) G Cl X (0, T'). 

5p(f2x(0,T')) 

Note that 


(15) 


on Cl x (0, T), 
on dCl x [0, T), 
on Cl x {0}, 


on Cl x (0, T), 
on dCl x [0, T ), 
on 0 x {0}. 


nfc>o{(^, t) G dCl x [0, T'] : u k (z, t ) > w m (z , t) + A 2 + e} = 0. 
By the compactness of dCl x [0, T'], there exists k' m > 0 such that 

n k<k >J(z, t) G dCl x [0, T'] : u k (z, t) > w m (z, t) + A 2 + e} = 0. 
By the monotonicity of {u k }, we have 

u k ' m (z,t ) < w m (z,t) + A 2 + e, M(z,t) G dCl x [0 ,T r ). 
Similarly, there exists k'! m > 0 such that 

u k « (z, 0) < w m (z, 0) + Ai + e, \/z G O. 
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□ 


Corollary 3.4. The weak solution of © is unique. 

Remark 3.5. By Proposition EH and Corollary \3.f\ if 0 < V < T and v is the weak 
solution of on fix [0, T') then 

v — u lnx[o,r')) 

where u is the weak solution o/ Q on Q x [0,7"). 

Proposition 3.6. Assume that 'firm Pm are smooth functions infix [0, T] and vo, m is 
a plurisubharmonic function in a neighbourhood of satisfying 



Suppose that v m G USC(fl x [0, T)) is the weak solution of 



Then v m \ u. where u is the weak solution of ([I]) . 

Proof. By Proposition 13.31 we have 

V\ > v 2 > ... > v m > ... > u. 

We need to show that ]iinu m < u. 

Let 0 < T' < T and e > 0. By Dini’s theorem, there exists rri\ > 0 such that 


frm < V + e °n dfl x [0, T'], 
g mi < ./' + e on O x [0, T'\. 

Assume that u m G C' 0O (14 x [0,T)) satisfies (1T4l) . Fix k > 0. Let h be a harmonic 


function in such that h\gn = «*,(., 0)|an. Then there exists a subset K d such that 


(h — Mfc(., 0))| n \AT < c 


Note that 


^ 0 ,mi - h< sup(u 0 ,m 1 ~ h) < SUp(u 0 , mi - U 0 ) < €. 
an an 


u k(-, 0))|n\ir < 2e. 


Then (vo, mi 
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Moreover, by Hartogs lemma, there exists m 2 > 0 such that 

(vo , m 2 u k (-,0))\K < e- 

Then, for any m > max{mi, m 2 }, we have 

ipm < Uk + e on <912 x [0, T'], 
g m < f + e on O x [0, V], 
vo, m < Uk{., 0) + 2e on O. 

It follows from Proposition 13.31 that 

u TO (^, 2) < 2) + (T + 2)e on Q x (0, T'). 


Then 


lim v m (z, 2) < Ufc( 2 :, 2) + (T + 2)e on 12 x (0, T'). 

m—>• 00 

When k —> 00 , e —>■ 0 and T 7 —)• T, we obtain 

lim v m < u. 

m—>■ 00 


□ 


Lemma 3.7. Suppose that fj,g G C 700 (O x [0, T]). Assume that v G x [0,T)) 

satisfies 

( v(.,t)eSPSH(Q), 

(17) < u = logdet(u a ^) — An + p(z,t) onf2x(0,T), 

[ u = on <9f2 x [0, T). 

Then 

v(z, t ) — u(z, 0) > —C(t), 

for any (z,t) G 0 x [0,T). i/ere (7(2) is defined by 

C(t) = inf ((— nloge + Asup |^| + sup |p|)2 — einf p) + sup sup |^(z, 2') — 7p(z, 0) | , 
1>e>0 i'e[o,t] 

where p G C°°(i2) snc/z 2/za2 dd c p > dd c \z\ 2 and p\g^ = 0. 


Proof. Fix 0 < e < 1 and 0 < 2 0 < T. Denote 


A e = —nloge + A sup \if \ + sup \g\, 

5 to = sup sup | i>(z,t) — '0(-, 0)|. 
ie[o,t 0 ] 2 &dn 

We consider 


w(z,t ) = v(z, 0) - A e t + ep(z) - S tQ . 

We have 

w — log det w a y + Aw — g < —A e — n log e — log det p a p + A sup w + sup \g\ 

< —A e — n log e + A sup fj + sup \g\ 

< 0 . 


w(z,0) < v(z, 0) on 12, 

w(z, t ) < v(z, 0) — <5 to < v(z, t ) on <912 x [0, to). 


Moreover, 
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Applying Corollary 12.51 we obtain 

v(z, t ) > w(z, t) = v(z, 0) — A e t + ep(z) — 5 to , V(z, t) E Q x [0, to)- 

Thus 

v(z, t 0 ) > v(z, 0) - inf {A e t 0 ~ e inf p} - 5 to . 

1>€>0 

□ 


Remark 3.8. Under the conditions of Lemma \ 3. % C(t ) is an increasing function 
satisfying 


liin C(t) = 0. 
t—>o 


Proposition 3.9. If a function u E C°°(Ut x (0, T)) satisfies 


( 18 ) 


' u (.,«) € SPSH{S1), 
u = log det(u a( g) — Au + f(z, t) 


u — ip 



Then u is the weak solution of ©• 


on ft x (0, T ), 
on dUl x [0, T), 


Proof. By Lemma 13.71 there exists t m \ 0 such that 

(19) u(z,tm + t) > u(z,t m+ i + t) - 2~ m , V(z,t)eOx [0, T — t m ). 

L l 

By the condition ”n(.,t) —> w 0 ”, we have 

w(.,t m ) + 2~ m+1 \ u 0 . 

Passing to a subsequence, we can assume that 

f(z, t m + t) + 2 ~ m+1 \ f(z , t), 

<P(A + t) + 2~ m+1 \ <£>(z, t). 

Fix k > 0. For any m > k, u m = u(., t m + .) E C°°(Cl) x [0, T — £&)) is the solution of 
equation 

{ u m = log det('U m ) Qj g - + f(z , t m + t) V(z, t) G O x (0, T - t k ), 

u m (z,0) = u(z,tm), VzeCI, 

u m (z,t) = u(z,t m + t ), V(z,t) E dfl x [0, T — t fc ). 

Let v rn E USC(Cl x [0, T — t k )) be the weak solution of equation 

f v m = logdet(n m ) Q , ( g — Av m + f(z, t m +1) + 2~ m+1 on Ll x (0, T - t k ), 

(21) < v m (z,0) = u(z,t m )+ 2~ m+1 , on O, 

[ v m (z, t ) = (p(z, t m + t) + 2 -m+1 , on dfl x [0, T - t k ). 

Applying Proposition 13.61 we have 

V m \ V, 

where v is the weak solution of ([T]) on ft x [0, T — t k ). 
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Applying Proposition 13.31 we have 


SUp | Um-V m 
!2x[0 ,T—t k ) 


0 . 


Then 


u(z, t ) = lim u m (z, t ) = lim v m (z, t ) = v(z, t ), \/{z , t) E x [0, T — tk ). 

Hence u is the weak solution of (CD) on O x [0, T — tk). 

When k —» oo, we have u is the weak solution of j!) on Q x [0, T). □ 

Proposition 3.10. If there is a E fl such that v uo { a ) > 0, then the weak solution u of 
flU) satisfies u(a,t ) = — oo for t E [0, 6yi(^ U0 (a))). 


Proof. We need to show that u(a,t ) = — oo for t G [0, Ca^)) when 0 < v < v uo (a), so 
that we have 


( 22 ) 


Uq < v\og\z — a\ +Bi, VzEkt, 

P < ^log \z — a| + Bi, \/(z, t) E dfl x [0, T), 


where B\> 0 is given. 

Let \ : ffi —y M + be a smooth increasing convex function such that = 0, 

x|(i,oo) = Id. For any m, we denote 

w m (z) = x(log \z — a\ + m) — m. 


We will show that there exists B > 0 such that 

v m (z, t ) = g(t)w m (z) + |z| 2 + B(t + 1) > u(z, t), 

for any m > 0 and (z,t) 6 O x [0, €a{v))- Here g(t) = kA(v,t) as in ([3]) . 
It is easy to show that 


v m {z, t ) + Av m (z, t) > -2 nw m (z) + B, \/(z, t) E Ct x [0, e A {v))- 
When \z — a\ < we have w m = —m, \D 2 w m \ = 0. Then 

(23) h m -logdet {v m ) a p + Av m - f(z,t) > 2mn + B - f(z,t) 

When \z — a\ > we have 


Wm < log \z — a\+ 2, 

| (Wm)aP I ^ |z—a | 2 ’ 

where B 2 > 0 is independent of m. Then 

logdet(n m ) Q( g = log det(g(t)w m + \z\ 2 ) a p < log 

where B 3 > 0 is independent of m. 

Hence 


(24) v m - log det(u m ) Q( g + Av m - f(z,t) > -4 n - log B 3 + B - f(z,t ). 
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By (l22]h (123|) and fl24l) . there exists B > 0 such that, for any m, 

v m ~ logdet(n TO ) a ^ + Av m - f(z,t ) > 0 V(z,t) G SI x (0,e A (n)), 


Vz G 12, 

V{z,t) G dfl x [0,e A (z/)). 


(25) <( u m (z,0) > n 0 (z), 

nm(;M) > v(z,t), 

Applying Proposition 13.31 we have 

Vm > u on 0 x [0, e A ( v))- 

When m —> oo, we obtain 

<?(t) log |z — a| + \z\ 2 + B(t + 1) > u(z, t), \/(z, t) G O x [0, e A (p)). 
In particular, u(a,t) = —oo for t G [0, e A (n)). 

4. Proof of Theorem 11.21 

4.1. Bounds on u. 

Lemma 4.1. Assume that u G C' 0 O (f2 x [0, T)) satisfies 

( u = log det (u a p) - Au +g(z,t) onOx( 0 ,T), 

|n = 99 on <912 x [0, T). 

T/ien i/ie following hold 


□ 


(i) If A = 0 then 

u(z,t)-su P u 0 _ B< u(z,t)-u ri (z) 

t - \ , J - t 

where B = 2 sup \ip\ + T sup \g\ + n and uq = u(., 0). 


V(z,t) G ft x [0,T), 


(ii) If A > 0 then 

A A 

At _ 1 i u ~ e At sup(u 0 ) + ) — B < u < _ (u - n 0 ) + B, 

where B = 2 sup \ fi\ + T sup \g\ + n and no = n(., 0) and (no)+ = max{n 0 ,0}. 

Proof. We denote by L the operator 

m = i - T M W> e C“(n X [0, t)), 

where (n a/3 ) is the transpose of the inverse of the Hessian matrix (■ u a a ). 

(i) When A = 0, we have, for any B > 0, 

L(tu — u + n 0 — Bt) = til + ii — u — B — tY^ u a ^u a p + ^ u a ^u a p — X) u a ^(uo ) a 0 

= tg t - B + n -^2 u a P(u 0 ) a p 

< T sup \g\ — B + n. 

L(tu — u + Bt) = til + u — u + B — t'Y ^ ua ^ u afi 

= B + n + tg 

< B + n — T sup \g\. 
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Then, for any B > T sup \g\ + n, we have 

L(tu — u + uq — Bt) < 0, 

L(tu — u + Bt) > 0. 

It follows from Corollary 12.61 that, for any B > 2 sup \ <fi\ + T sup \g\ + n, 

tii — u + u 0 — Bt < sup d P (nx[o, T ))(tu — u + u 0 — Bt) < 0. 
tii - u + Bt > inf 9p (n x [ 0 — u + Bt) > - sup u 0 . 

Hence, if B = 2 sup \ip\ + T sup \g\ + n then 

u/z,t) SUp Uq , u(z,t)-u 0 (z) 

--- B < u(z , t) <---h B, 

for any (z,t) E ft x [0, T). 

(ii)When A > 0, we have 


1 _ p—At i _ p—At i _ p—At 

T / -L C-' . _ Aj. \ -LG _ A j- . _ A j. . . _ Aj. -L 

L{ --- u — e u) =---w + e u — e u + Ae u — 


A 


L(e At u 0 ) 
L(Bt) 

where B > 0. 


A 


1 — A ^ 

n — At V' ni&P*,! — _|_ /\( - y Q~^'ll) 


A 


Z U^il - 


a/3 


+e At Y/ u al 3 u a p + A(- 


1 — e 


-At 


A 


• , — Ai 

-g + e n, 


A 


= —Ae At u 0 — e At J2 ua/ 3 ( u o) a g + Ae MyL o < 0, 
= B + HHt, 


Then, for any B > T sup \g\ + n, we have 

-it — e~ At (u — uq) — Bt) < 0, 


1 — f 

L{ 


A 

1 — 6 At 

L( -—- it — e~ At u + Bt) > 0. 


It follows from Corollary 12.61 that, for any B > 2 sup \tp\ + T sup \g\ + n, 

it — e~ At (u — u 0 ) — Bt) < 0, 


1 _ p—At 1 _ p—At 

--- it — e~ At (u — u 0 ) — Bt < sup (-- "~ At 

A d P (nx[o ,t)) A 


and 

1 — e~ At 

A 


1 — e~ At 

ii — e~ At u + Bt > inf (- - A - it — e~ At u + Bt) > — sup(e _At u 0 ) 


a P (Hx[o,T)) A 


> -sup(u 0 )+. 


Hence, if B = 2 sup \ip\ + T sup \g\ + n then 


A / a + . . \ At A . At 

[u-e sup(u 0 )+) - B- - <ii< — f —-{u - u 0 ) + B 


e At — 1 


1 — e 


e At _ 1 


1 — e 


-At ‘ 
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Thus 


A 


oAt 


- 1 


(U 


■ e At sup(«o)_ 


A 


) — B < u < —-{u - uq) + B. 


□ 


4.2. Proof of Theorem II.2L 


4.2.1. Smoothness. 

As in the proof of Proposition 13.21 we can construct a sequence of functions 
u m G C°°(fi x [0,T)) satisfying 


' U m (.,t) e SPSH(n ), 

u m = log det(u m ) 0i 5 - Au m + f(z,t) onflx (0, T), 

on dtt x [0, T), 
on dfl x (e m , T), 
on Cl x {0}, 

where e m \ 0. 

Ve G (0,T),Vm 1, u m (.,e) verifies 


(27) 


Hm Pr 


P 


Um P 

IIm = ^0,m 'Ni Ho 
u = lim u m . 

m—>oo 


(28) 


(dd c u m (z,e)) n = F m (z) on fl, 
u m (z, e) = (p(z, e ) on 


where F m (z) = exp (u m (z, e ) + Au m (z e ) - f(z , e)). 

By Lemma. [4.11 and Proposition 13.101 we have, for m 1, 


■“(2,e/2) 2 un(zl 

Fm(^) < C ie --73- < C 2 e * 


where Ci,C 2 >0 depend only on f2, e, T, A, /, <p. 

By Skoda’s theorem (see |Sko72j ). we have F m G L p (f2) for any p > 1. 
Applying Kolodziej theorem (Theorem B | Kol98j ). we have 


Ur 


yn) < C. 


where C is independent of m. 

Hence, the weak solution u satisfies 


II h(- ; f) ||^oo(n) 'P C. 

By Corollary 13.41 Proposition 13.91 and the case where u 0 is bounded ( |Dol5j ). we have 
u is smooth onfix (e, T ) and verifies 

(29) u = logdet(u a ^) - Au + f(z,t) 

on 0 x (e, T). 

When e \ 0, we have u is smooth on x (0, T) and verifies (1291) on x (0, T ). 
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4.2.2. Continuity at zero. 

Applying Lemma [3.71 we have 

(30) liminf u(z, t) > uq(z), 

t—>o 

for any z E Cl. 

Note that u is the limit of a decreasing sequence of smooth functions, then u E 
USC(Cl x [0,T)). We have 

(31) lim sup u(z, t) < uq(z), 

t-> o 

for any z E Cl. 

Combining (1301) and (13TT) . we obtain 

lim u(z , t ) = Un(z). 
t->o 

Hence, by the dominated convergence theorem, u(., t ) —> uq in L 1 , as t —> 0. 

5. A PRIORI ESTIMATES 

In this section, we will prove a priori estimates which will be used in the proof of 
Theorem PI 

We suppose that H be a bounded smooth strictly pseudoconvex domain of C n , 
Co, A, T, Ni, ..., Ni > 0 and oi, ...ai E Cl. We also suppose that tp, g are smooth functions 
in fi x [0, T\ and Uq is a plurisubharmonic function in H satisfying 

(32) IMIc^nxio.r]) + IMIc 4 (nx[o,T]) < Co, 

i 

(33) u 0 > Nj log \z — Oj| — C 0 , 

3 = 1 

where ||.||cfc(nx[o,r|) is defined by 

H0llc*(fix[o,r|) = - sup \ D x D t 2( ^\, 

\n\+h<2^ 0 ^ 

for any (f) E C°°(Cl x [0, T]). 

Throughout this section, unless specified otherwise, we always assume that u 0 is 
smooth and strictly plurisubharmonic in 0. The main result of this section is following 

Theorem 5.1. Assume that u E C°°(Cl x [0, T)) satisfies 

{ u = log det(w a( g) — Au + g(z, t) on fix (0,7), 
u = ip on dCl x [0, T), 
u(., 0) = uq on Cl. 

Then for any 0 < e < T and K <Z= Cl \ {ai,..., ai}, there exists C\, C 2 > 0 depending on 
H, T, Co, Ni,Ni, a\, ..., a;, e, K such that 

(35) \u(z,t)\ + \u(z,t)\ + Au(z,t) < C, y(z,t) E K x (e,T). 
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By Le mm a 13.71 we have 

i 

sup ip > u(z, t ) > Uq(z) — C(t) > Nj log |z — aj | — Co — C(t). 

3 = 1 

By Lemma 14.11 we also have the bounds of ii. Then it remains to estimate A u. 

5.1. Bounds on Vu. 

Let 0 < e < T. We need to estimate Vu near 914 x (e, T ) in order to bound A u on 
914 x (e, T). 

Lemma 5.2. For any T > e > 0, there exists B > 0 depending only on n, hi, T, C 0 , ai,ai, 
N\, ..., Ni, e such that 

sup |Vu| < B. 

dC 2x(e,T) 

Proof. For any (z,t) G 914 x (0,T),£ G T ffiiZ 914, we have 

K(M)| = \<Pt{z,t)\ < Co. 

It remains to show that , for any (z, t ) G 914 x (e, T ), 

|u»,0M)| < B, 

where r/ is an interior normal vector of 914 at z, ||r/|| = 1. 

We need to construct functions u, h G C°°(0 x [0, T)) such that 

u<u<h onfi x [0, T), 
u — ip — h on 914 x (e, T), 

and |Vu|, |Vh| are bounded by a constant which depending only on n,l4, T, C 0 ,ai,...,ai, 
e. 

Let u 0 be a smooth plurisubharmonic function on 14 such that u 0 < u 0 and 

u 0 = Nj log |z — aj\ — (1 + e)Co near 914. 

Let ho be a harmonic function on 14 such that 

ho = Nj log |z — a,j\ — (1 + e)C 0 on 914. 

Let ( : M —* [0,1] be a smooth increasing function such that £(0) = 0, £(e) = 1. 

We consider the functions 


fp(z,t) = (1 - C(t))h 0 (z) + C (t)<p(z,t), 
u(z, t ) = Uq{z) + ip(z, t ) - h 0 {z) + Bip(z), 

where p G C°°(14) such that dd c p > dd c \z\ 2 and p\on = 0 and B\ > ^ exp (sup p + 
3Asup \ip\ + sup |g|) such that u(., t ) G SPSH(Cl ) for any t G [0, T], 

We have 

u(z, 0) = Uq{z) + Bxp(z) < u 0 (z), 

u|af2x(0 ,T) = P\dttx(0,T) < P\dQ.x(0,T), 

u — log det u a p + Au — g(z,t) < ip — n log B x + A(sup u 0 + 2 sup \ip\) + sup \g\ < 0. 
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It follows from Corollary 12.51 that u<u. 

Now, let h : x [0, T) —y M. be a spatial harmonic function satisfying 

^|anx[o,T) = +|anx[o,T)- 

We have 

u < u < h on 0 x [0, T), 
u — (p — h on dFl x (e, T). 

Then for any (z, t ) G d£l x (e, T), we have 


u v (z,t) < u n (z,t) < h v (z,t), 

where r) is an interior normal vector of at z, ||7y|| = 1. 

Hence 

\u v (z,t)\ < sup{|u^(z,*)|, \h v (z,t)\} < B 2 , 
where B 2 > 0 depends only on n,Q, T, C 0 ,ai,...,az, e. 


□ 


Lemma 5.3. For any T > 2e > 0 and K d \ {a 1; ...,a/} 7 there exists B > 0 
depending only on n, fi, T, Co, a ±,..., ai, K,e such that 

sup |Vu| < B. 

Kx(2e,T) 


Proof. We will use the technique of Blocki as in Blo()8 . 

By Lemma 14.11 there exists M > 0 depending only on n, fi, T, C 0 , e, N l ,..., A} such 
that 


(36) 


u < M(E l°g- \ z ~ a j\ + 1) on Six [e, T ), 
u + Au — g < log- \ z ~ a j\ + 1) on ^ x [ e > T), 


where log_ jz — a 3 \ = max{— log \ z — aj\, 0}. 


Let /i, f N e {/ G 0(C n ,C ) : log |/| < £ M\og\z-aj\ +0(1)} satisfy 

3 = 1 


l 


N 



3 =l i-l 

The fj are in fact polynomials, which could be written explicitly, but tediously, using 
the multinomial formula. Note that the choice of /i,..., /jv depends only on ai,..., O/, M. 
Then there exists Oi > 0 depending only on Q, ai,..., a/, M such that 


(37) 


V 


E l(/))«U/i 

j=i 


V 


E l/;l 2 

j=i 


i 




Cl 

z-aj 


on fh 


Without loss of generality, we can assume that 0 6 fi and O 0 > 1. We denote, for 
(z, t) G Cl x [e, T), 
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k{t) = (n + 1) log(t — e), 
l(u) = log(3Co -u) - log(2C 0 - u), 
ipj = /jVm, Vj = 1, 

i> = logipo + 7 (u) + k(t) + T]\z\ 2 , 


where ri = -jj-t-. —ttvtttw- 
We will show that 


sup ip < B, VT' G (e,T), 

9x[e,T'] 


where B depends only on n, hi, T, Co, op,..., ai, N \,..., iVj, K, e. 
Let (zqAo) € x [e, T'] satisfy 


ip(zo,to) = sup ip. 

f!x[e,T'] 


By an orthogonal change of coordinates, we can assume that (u a p(zo,t 0 )) is diagonal. 
For convenience, we denote A Q = u a a(z 0 ,t 0 )- 
Assume that 


(38) 


ip(zo, to) > B i + l, 


where Bi > sup^*^ ip is a constant depending only on n , hi, T, C 0 , op,..., a/, N { ,..., AT/, 

W, e. 

Then z 0 G hi \ {op,..., a;},f 0 G (e, T']. Hence, ip(zo,t 0 ) > 0, V^(^oAo) = 0 and 
{' l Paj 3 ( z 0 i to)) is negative. We have, at (A 0 ,h)), 


(39) 


(^o)q _ 

'ipo 

L(i 0 := 


~y(u)u a - r)z a , 

i> - E ^''Pap > 0, 


where (u a/3 ) is the transpose of inverse matrix of Hessian matrix ( u Q p ). 
We compute, at (zqAo), 
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L(i{u) + k(t) + r/\z\ 2 ) = 7 '(u)u + k'(t) - 7 '{u) Y u a ^u a p - 7 "(u) Y u a ^u a up 

1 7 / I ^ I 

= 7 '(«)(« - n) + tf(f) - 7» E ^ - 7E t-- 

Ac* A q 

r/ , „ n 00 ^ ( 0 o)aa , ^ \Ma\ 2 

L{ logV’o) = — - E 7 7 +E \ ,2 
-00 A Q 0o A Q 0 g 

= ^ _ £ l( 0 i )«| 2 + l( 0 i )«| 2 + 2 - Re ((( 0 j)«a, 0 j)) + y-v |( 0 o)a | 2 


A q 0 O 


A q 0q 


00 j,a 

< tl y 2i M((0j)«a>0j)) | |(0 o ) a | 2 

00 j,a A a 0o A a 0 o 

_ 00 y-x 2R&{\a(fj')afj'U'a) y-x 2Rc((fj VltQfj, 0j)) _|_ y^ l(0o)a| 

00 j,a A q 0o j,a Aq,0o A a 0g 

_2 Re(Vii,Vu) ^ 2Re((f j ) a f j u a ) ^ 2Re((Vu a g,Vu)) | ^ 


|V«| S 




00 


2Re((L(Vu), Vtt)) _ 2Re((f j ) a f j u & ) + ^ 


A0V0 2 

l( 0 o)a | 2 


|Vm | 5 


00 


A 

2Re((-AVu + Vg,Vu}) 2Re((f j ) a f j Ug) | ^ |(0o )«| 2 


| 


<BS + e 


2nC\ 


+ ^I(0O)0 2 


00 


A q 0q 


Then 


(40) 


|Vu| jii k - ajllV«| 1 ^ A a Vo 

2n(7i 


£«0 <S + E 


|Vtt| |«-aj||Vu| 


. ^ | ( 0 o)a | 2 . ,, w. x 

+ E x .,.2 + 7 (w - «) 


Aq-05 


+0(f o ) - 7 W («) E 




A. 


»7Et“- 

A/t, 


By (EHD, we have, 

\^ I(0o)q 1 2 (7 / (' u ))~'l ?/ ah + 7 2 |~«| 2 

( ] ^ A a 0 2 - 2- X 


2 - 


<2(7'(«)) 2 E ! T L + II 


V 

2 


Note that 


YO) = 


1 


G, 


7"(«) = 


2 C 0 — u 3C 0 - u (2C 0 - u) (3C 0 - w) ’ 

1 1 Q)(5Q) “ 2m ) 


( 2 C 0 - «) 2 (3C 0 - w ) 2 ( 2 C 0 - n) 2 (3<7 0 - w) 2: 

a 


7 »(u)- 2 (y(„))=> (3Co _ u)4 . 

Then, we have, by (HD]), (Hip . 

2n(7i 

|Vw| ' |z — a.j-11Vii| 

kr 


£«0 <^x + E 


h* 2 

+k'(t 0 ) - 0 


E 


(SCo-n) 4 ^ A 


+ 7 '(u)(u — n) 


_ V y1_ 
2^ X a 


— 11 Y -u “ Q 


I (0o)q| 2 

A a 0o 
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By (l36|) . fjHHp . there exists C 2 > 0 depending only on n,fi,T, Co, ay,..., a*, 

K , e such that 

1 #) < c 2 - m E log I* - “jl + *<*>) ^ E ■^ -1E £. 

We can also assume that C 2 — M l°g \ z ~ a j\ > 0. 

By the condition |( Z 0 i t 0 ) > 0, we have, 

(42) (3C„ C - «)- 53 + IE ^ S c 2 - M log I* - a,| + 

Then 

= ( El Xa)e -^~ Au+9 

> Q) (C 2 - M ^2 log \z - dj I + k'{to))~ n+1 e~ u ~ Au+9 . 

Hence, by (H2l) . 

\Vu\ 2 < (3Co ^ U)4 (^j (C 2 - M£log \z - dj\ + k'(t 0 )Te* +Au -° 

< C 2 ^° e u+Au ~ 9 (l + C 2 - log \z - aj|) n (l + fc'(t 0 )) n 

4 

< C 3 3 C, q M e «+^-g(l + Ai'(fo)) n n I* - %I" M/2 , 

where C 3 > 0 depends only on n, h2, T, Co, ay,..., a;, Afi, A), A', e. 

Then, by (l36|) and Lemma 13.7[ we have, 

(43) |Vu | 2 < Ci (3 ° a + C fa)-“o ) 4 (1 + *-((„))»TT z- 0 ,r 3M/2 . 

where C(to) is defined as in Lemma 13771 and C 4 > 0 depends only on C 3 , M, ai ,..., tp. 
Note that uo Nj log |z — aj\ — Co- Then 

(44) | Vu | 2 < C 5 (l + k\to)) n Y[\z- aj \~ 2M , 

where C 5 > 0 depends only on n, h2, T, C 0 , cy,..., a;, Afi, • Afj, IT, e. 

By ([MD and (ITT]) , we have, 

(45) 77 -wpy = e Bl 2 k<A ^ < ip 0 (z 0 ,t 0 ) < C 5 (k'(t 0 ) + l) n = C 5 . 

(t 0 - e) + V fii - e ) 

Hence, to > ti > 0 where ti depends only on n, fi, T, C 0 , ay,..., ai, N ±,..., iV), K, e. We 
have, by (HD . 

(46) ip(z 0 ,t 0 ) < B, 

where B > Bi + 1 > 0 depends only on n, fi, T, Co, cy,..., a;, Afi, • A/), K. e. 


A n 


n 

n 

n A/? 

z9=l 
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Note that B is independent of T'. Then, 

snp if < B. 

Qx[e,T) 

In particular, there exists B > 0 depending only on n,Q,T,C 0 , ai,...,cp, Ah,..., AT/, 
K, e such that 

sup |V«| < B. 

K x (2e,T) 

□ 


5.2. Higher order estimates. 

Lemma 5.4. For any T > e > 0, there exists B > 0 depending only on n, T, Co, a \,..., ai, 
Ni,Ni,e such that 

sup \D 2 u\ < B. 

<90x(e,T) 

Proof. By Lemma 14.11 and Lemma 15.31 we can estimate u and V« near dfl x (e, T). 
Then the proof of this lemma is the same as the case Uo G L°°(h2) (see l)o!5 h □ 

Using the 2-order estimates on dfl x (0,e), we will estimate A u on K x (2e, T), for 
any K d \ {ai,..., a;}. 

Lemma 5.5. For any T > 2e > 0 and K d 0 \ {ai,...,o;} ; there exists B > 0 
depending only on n, T, Co, «i,..., at, Ah,..., N t , K, e such that 

sup A u < B. 

K x (2e,T) 

Proof. By Lemma 13.71 and Lemma 15.41 there exist If. B- 2 > 0 depending only on 
n, T, C 0 , ai,..., ai, Ah,..., Ni, e such that 

(47) sup (— u + u e + \z\ 2 ) < Bi, 

Ox(e,T) 

(48) Bi + sup (t log An — u + u t + \z\ 2 ) < B 2 . 

dflx(e,T) 

where u e = u{., e). 

We consider the function f> G C°°(r2 x [e, T)) defined by 

f> = flog An — u + u e — B 3 (t — e) + \z \ 2 , 

where B 3 = C 0 (A + T + 1) + log(n!) + n + 1. 

We will show that 

(49) sup (J> < B 2 . 

Q x(e,T) 

Indeed, if there exists (zo,^o) G 0 x [e, T) satisfying 

0(^o, t 0 ) > B 2 , 

then Zo £ Q, t 0 > e. Without loss of generality, we can assume that 

f(z 0 ,t. 0 ) = snp f. 

Ox(e,to) 
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Denote by L the operator 

e C”(Q x [e, T)), 


where ( u a ‘ 3 ) is the transpose of inverse matrix of Hessian matrix (u a p). 
We have 

L {<t>)\{z 0 ,t 0 ) > °- 

We compute 


/\ 7 / _ _ _ _ 

L (<f>) = + log Am - u - B 3 - t «“ /3 (log A u) a ~ p + £ u a P{u a p - {u e ) a p) - £ 

/\7V 

< t—-b log An — u — B 3 — tVn“ /3 (log Aii ) Q 5 + n — Va". 

An 

Applying Theorem 12.91 we have 

„ , Ah Alogdet(n„«) _ 

L{4>) < t— -b log An — h — B 3 — t ---— + n — V n“" 

An An 

A(h-logdet(n^)) . D , v- «« 

= t - 7 ---b log An — u — B 3 + n—}_^ u 


u 


= t 


An 

—AAn + A g 


An 


+ log An — h — H 3 + n — J^n° 


A g 


< t— -b log An — n — H 3 + n — V n““. 

An 

Applying Theorem 12.71 we have 

log An < logn + logdet(n a/ g) + (n — 1) log(^\i" a ). 

Then 

L(6) < f—^ + logn + logdet(n a «) + (n — 1) log(V u aa ) — h — B 3 + n — Y] u aa 
An 

< t—^ + log n — -B 3 + n + An — g + (n — 1) log(^] n aQ ) — u<xa 

AA (1 

A<7 

< t-r^- + logn - H 3 + n + (A + l)Co + log((n - 1)!) 

An 

— t—-b log(n!) — B 3 + n + (A + l)Co, 

An 

where third inequality holds due to the conditions (l32]h d33|) and the inequalities 
(n — 1) log x — x < (n — 1) log(n — 1) — (n — 1), Vx > 0, 


and 


(n - I)”” 1 
(n — 1)! 


< exp (n — 1). 
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Hence 

8(0) |( 2 0 ,to) — 808 + log(n!) — H 3 + n + (A + l)Co < 0 . 

We have a contradiction. Thus 

SUp (j) < IJ-2- 

Ox(c,T) 

In particular, there exists 8 > 0 depending only onn,fl,T,C 0 ,ai,...,ai,Ni,...,Ni, K, e 
such that 

sup A u < 8 . 

K x (2e,T) 

□ 


6. Proof of Theorem 11.41 


6.1. Smoothness. As in the proof of Proposition 13.21 we can construct a sequence of 
functions u m G C°°(f2 x [0,8)) satisfying 


(50) 


' Um {; t ) G SPSH ( Q ), 
u m = log det (u m ) a p - Au m + f(z, t ) 
Um ^pm — $ ^p 
U m = 8 

Um Uf^m UO 

u = lim u m . 

m—>00 


on x ( 0 , 8 ), 
on dQ x [ 0 , 8 ), 
on <90 x (e m , 8 ), 
on 0 x { 0 }, 


where e m \ 0 . 

Applying Theorem 15.11 we obtain, for any K (e O \ {ai,..., a;} and 0 < e < 8 , 

||Um||c 2 (Kx[e,T)) < 

where depends only on n, O, 8 , Co, Ah,..., AT/, op,..., ai, e, K. 

It follows from C 2, “-estimates (see, for example, 1 )o 151 ) that 

l|Um||c 2 ’'i'(A'x[e,T)) < C'x'.e,7; 

where 7 and Cx , e , 7 depend only on n, O, 8 , C 0 , Ah,..., AT/, aq,..., a/, e, K. 

By Ascoli theorem, we obtain 


(51) 


c . 2 , 7 / 2 (A'x[ e ,T']) 
Um t U, 


as m —)■ 00, 


where e < 8' < 8. 

Then u G C 2 ’^ 2 (Kx [e, 8 ']). Applying regularity theorem (see, for example, [Dol5j ). 
we have u G C°°(K x (e, 8 ')). Hence, u G C°°(K x (0,8)). 

Fix 0 < r < min |a 3 - — a*;|. We need to show that u G C°°(B r (aj ) x (e^(A/j), 8 )) when 

8 > e A (Nj). ^ 

Fix e > 0. If A = 0, we have, for t = eo(Nj) + 2e = ^ + e, 

(dd c Mm) n = e “-(^ e o(Np+2£)-/( 2 , eo (iv J )+2£) (i y = 


Applying Lemma [4.II and Proposition 13.101 we have, for m > 1, 
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exp (u m (z, e 0 (Nj ) + 2e) - f(z, e 0 (Nj) + 2e)) < C x exp 

< C -2 exp 

< C'-j exp 

< C : > exp 
= C : > exp 


where C\, C 2 , C 3 > 0 depend only on fl, e, T, /, </?. 
Then, we have, for K <e B r (dj), 

i iik > ^ l ex p (-syfi) dv 

<cu K ex 

2nNj 

= C 4 j K \z-af 7T B^dV 

2nNj Nj-\-ne 

< C 5 (f K iz - dT)‘ 


ne 

JVj- +2ne 


/ «m(z,eo+2i;)-it m (z,e) 
V € o(Aj)+e 

/ Um(z,e) \ 
v e o(Nj)+ey 
f M m (z,0) A 
\ e o(Nj)+ey 

f __a oOO\ 

\ e o(M/)+ey 

/ 2mt 0 (z) \ 

y Nj +2 ne y 


ne 

< C e (J K dV)~.+* 


< Cj(Cap(K)) 2 . 

where C 4 , C 5 , 1 ^ 6 , C 7 > 0 are independent of rn. The last inequality holds due to |AT84J 
and jZerOl] , 

Applying Kolodziej theorem (Theorem B | Kol98j ). we have 

II u m (.,e A (Nj) +2e)|| L oo (B r { aj )) < C s , 

where C 8 is independent of rn. Then \\u(., e A (Nj) + 2 e)||i / oo( Sr ( a .)) < C 8 . Applying the 
case ’’no G L°°(f2)” (see Do 15 ') , we have u G C°°(B r (aj ) x (e A (Nj) + 2 e,T)). 

Let e —> 0. We have u G C°°(B r (aj) x (e A (Nj),T)). 

If A > 0, by the same arguments, we also obtain u G C°°(B r (aj ) x (e^A^), T)). 
Thus u G C 00 ^). 

By dSU), for any ( 2 , t) G Q \ {ai,a z } x (0, T), 


(52) -u = logdet(n aj g) — Au + f(z, t). 

Taking the limits, we obtain (1521) on Q. 


6.2. Singularity. Let j G {1, ...,/}. By Proposition 13.101 we have u(dj,t ) = — 00 for 
any t G [0,e A (n,)). 

We need to show that if n 3 = Nj then v u (.,t){ a j) — k(Nj,t). 

By the proof of Proposition 13. 101 we have, for any t G [0, e A (Nj)), 

(53) v u{.,t){o>j) > k(Nj,t), 

Then, it remains to show that 

(54) 

for any t G [0, e A (Nj)). 


v u (.,t)( a j) < k(Nj, t), 
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If there exist to £ (0. e^(7Vj)) and e > 0 such that 

U u{.,t 0 )(aj ) > k(Nj,t 0 ) + e 

then, by Proposition 13.101 there exists ti > ca^Nj) such that 

*A(.,ti)(%) > o. 

This contradicts the smoothness of u on Q. Then we obtain (1541) . 
Combining (T53|) and (1541) . we obtain 

*A(.,t)K) = k(Nj,t). 


6.3. Continuity at zero. 

a) Convergence in L ] . 

Applying Lemma [3.71 we have 

(55) liminf u(z, t) > uo(z), 

t—>-o 

for any z E Cl. 

Note that u is the limit of a decreasing sequence of smooth functions, then u E 
USC(Q x [0,T)). We have 

(56) limsup'u(z,t) < uo(z), 

t-* o 

for any z E hi. 

Combining (1531) and (1561) . we obtain 

lim u(z, t) = u 0 (z). 
t—>o 

Hence, by the dominated convergence theorem, u(., t ) —> uq in L 1 , as t — * 0. 

b) Convergence in capacity 

Let e > 0 and O be a neighbouhood of f2. We need to show that there exists an open 
set U e such that 

Cap fi (Cl \ U e ) < e 

and 

w(-,4 m ) =4 U 0 on u e nO. 

Indeed, by quasicontinuity of plurisubharmonic function, there exists K e d H such that 

Cap^iCl \ Int(K e )) < e 

and u 0 is continuous on K e . 

By Lemma 1X71 and Dini theorem, for any t k \ 0, there exists a subsequence t km \ 0 
such that 

u( ., t km ) =4 u 0 on K e , as m -)• oo. 


Then 


n(., t ) =4 u 0 on K e , as t —> 0. 
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